Bohmian mechanics and Fisher information for $q$-deformed Schr\"odinger
  equation by da Costa, Bruno G. & Gomez, Ignacio S.
ar
X
iv
:1
80
3.
01
02
0v
1 
 [q
ua
nt-
ph
]  
2 M
ar 
20
18
Bohmian mechanics and Fisher information for q-deformed Schro¨dinger equation
Bruno G. da Costaa,∗, Ignacio S. Gomezb
aInstituto Federal de Educac¸a˜o, Cieˆncia e Tecnologia do Serta˜o Pernambucano, BR 407, km 08, 56314-520 Petrolina, Pernambuco, Brazil
bInstituto de Fı´sica, Universidade Federal da Bahia, Rua Barao de Jeremoabo, 40170-115 Salvador-BA, Brazil
National Institute of Science and Technology for Complex Systems, Brazil
IFLP, UNLP, CONICET, Facultad de Ciencias Exactas, Calle 115 y 49, 1900 La Plata, Argentina
Abstract
We discuss the Bohmian mechanics by means of the deformed Schro¨dinger equation for position dependent mass, in the context
of a q-algebra inspired by nonextensive statistics. A deduction of the Bohmian quantum formalism is performed by means of
a deformed Fisher information functional, from which a deformed Crame´r-Rao bound is derived. Lagrangian and Hamiltonian
formulations, inherited by the q-algebra, are also developed. Then, we illustrate the results with a particle confined in an infinite
square potential well. The preservation of the deformed Crame´r-Rao bound for the stationary states shows the role played by the
q-algebraic structure.
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1. Introduction
Along several decades it has been shown that fundamental
disciplines can be treated as theories of inference, where the
available information about the system allows one to derive the
dynamics from making use of probability theory. Between the
most important methods of inference the maximum entropy one
is found, where a rule is given (typically, the maximization of a
functional S [ρ]) for obtaining the distribution ρ that represents
the best knowledge of the system constrained by the available
information [1]. When S [ρ] is chosen to be the Shannon-Gibbs
entropy then the so-called MaxEnt method results. In particu-
lar, a functional of interest is the Fisher information (FI) IF[ρ],
which measures the information of an observable variable of ρ
with respect an unknown parameter associated. The FI satis-
fies an important rule called the Crame´r-Rao bound, by stating
a lower bound for the covariance determinant of the variables in
terms of the estimated parameters. The FI can be used to derive
the quantum and relativistic mechanics by means of variational
principles, where the constraints contain the physics [2].
In this context, an interesting application of MaxEnt and FI is
the deduction of the Bohmian quantum formalism [3, 4], which
was introduced by Bohm [5] as an alternative interpretation of
the quantum mechanics using the idea of the de Broglie pilot
wave [6]. Plastino et al. at [7] studied Hamiltonians with a po-
sition dependent effective mass, which are widely used in many
areas, both experimentally and theoretically: semiconductors
[8], quantum dots [9], many body theory [10], superintegrable
systems [12], quantum liquids [13], inversion potential for NH3
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[14], astrophysics [15], nonlinear optics [16], relativistic quan-
tum mechanics [17], nuclear physics [18], etc.
In the mathematical description of quantum systems with
position-dependent effective mass, the mass operator m(xˆ) and
the linear momentum pˆ are not commutating. A general form
for the Hermitian kinetic energy operator has been suggested
by O. von Roos [8] which characterizes the most of those used
in the literature. The ordering problem of the kinetic energy
operator has been investigated by: BenDaniel and Duke [19],
Gora and Williams [20], Zhu and Kroemer [21], Li and Kuhn
[22]. Recently, a q-deformed Schro¨dinger equation associated
with a position-dependent mass [23, 24, 25, 26] has been stud-
ied in the context of a generalized translation operator related
to a nonextensive algebraic structure [27].
Basing us in previous works [23, 24, 25, 26] and applying
the variational principle to a q-deformed version of the FI in-
spired in nonextensive statistics, in this paper we discuss a
q-deformed Bohmian quantum theory associated with the q-
deformed Schro¨dinger equation, along with the corresponding
Lagrangian and Hamiltonian formulations. Also, we derive a
Crame´r-Rao bound associated with the FI proposed.
The paper is organized as follows. In Section 2 we review the
deformed Schro¨dinger equation for position dependent effective
mass. Section 3 is devoted to a deformed Bohmian quantum
theory based on the deformed Schro¨dinger equation and using
the de Broglie wave-pilot interpretation. Next, in Section 4 we
present a deformed Fisher functional for a position-dependent
mass system. Here we deduce a Crame´r-Rao bound associated
with the deformed FI. Then, in Section 5 we illustrate the results
with a particle confined in an infinite square potential well. For
comparing, we calculate the deformed Crame´r-Rao bound and
the standard one for some stationary states. Finally, in Section
6 we draw some conclusions and future directions are outlined.
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2. Review of the q-deformed Schro¨dinger equation for
position-dependent mass
Nonextensive statistical mechanics constitutes a formalism
of wide applicability in several areas of physics [28, 29]. The
mathematical background of this approach is based on the gen-
eralized functions: the q-exponential, expq(u) ≡ [1 + (1 −
q)u]
1/(1−q)
+ , with [A]+ = max{A, 0}, where the parameter q (the
so-called entropic index) has been found to have several phys-
ical interpretations [29]. Considering the q-addition and q-
subtraction operators defined respectively by a ⊕q b ≡ a + b +
(1 − q)ab and a ⊖q b ≡ a−b1+(1−q)b (b , 1q−1 ), the q-exponential
satisfies expq(a) expq(b) = expq(a ⊕q b) and expq(a)/ expq(b) =
expq(a⊖q b). Moreover, as proposed in [27], from the definition
of the q-deformed infinitesimal element
dqu = lim
u′→u
u′ ⊖q u = du
1 + (1 − q)u , (1)
one can define the q-deformed derivative operator
Dq f (u) = lim
u′→u
f (u′) − f (u)
u′ ⊖q u = [1 + (1 − q)u]
d f
du
, (2)
and the q-deformed integral∫
f (u)dqu =
∫
f (u)
1 + (1 − q)udu. (3)
These operators satisfy the propertiesDq expq(u) = expq(u) and∫
expq(u)dqu = expq(u) + constant.
Recently, Costa Filho et al. [23, 24, 25, 26] have introduced
a generalized translation operator which produces nonadditive
spatial displacements, i.e.,
Tˆγ(ε)|x〉 = |x + ε + γxε〉 (4)
where ε is an infinitesimal displacement and γ is a parameter
with dimension of inverse length whose physical role is as fol-
lows. If L0 is the characteristic volume of the system, then
by defining γq ≡ (1 − q)/ξ, where ξ is a characteristic length
such that γqL0 ∼ 1 (i.e., 1 − q ∝ ξ/L0) then 1 − q can be in-
terpreted as a coupling measurement between ξ and L0. The
lower the ratio ξ/L0, the closer the parameter q should be to
1. Thus, the right hand side of (4) can be identified as the q-
addition ξ[(x/ξ)⊕q(ε/ξ)]. The usual case is recovered for q → 1
(γq → 0).
The operator (4) leads to a generator operator of spatial trans-
lations corresponding to a position-dependent linear momen-
tum, and consequently it represents a particle with position-
dependent mass. More generally, an Hermitian generator op-
erator of spatial translations was obtained in [26, 25], given by
pˆq =
(1ˆ + γq xˆ) pˆ
2
+
pˆ(1ˆ + γq xˆ)
2
= (1ˆ + γq xˆ)
1/2 pˆ(1ˆ + γq xˆ)
1/2. (5)
A canonically conjugated space operator for the deformed lin-
ear momentum operator is defined by
xˆq =
ln(1ˆ + γq xˆ)
γq
= ξ ln[expq(xˆ/ξ)]. (6)
Hence, (xˆq, pˆq) → (xˆ, pˆ) constitutes a point canonical trans-
formation (PCT) which maps a particle with constant mass m0
into another one with position-dependent mass. In fact, the
Hamiltonian operator Kˆ(xˆq, pˆq) =
1
2m0
pˆ2q+ Vˆ(xˆq) is mapped into
Hˆ(xˆ, pˆ) = Tˆ + Vˆ(xˆ) whose the kinetic energy operator is
Tˆ =
1
2
[m(xˆ)]−1/4 pˆ [m(xˆ)]−1/2 pˆ [m(xˆ)]−1/4, (7)
with
m(x) =
m0
(1 + γqx)2
(8)
the effective mass, according to [8]. In consequence, the time-
dependent Schro¨dinger equation for position-dependent mass
in terms of wave function Ψ(x, t) is
i~
∂Ψ(x, t)
∂t
= −~
2(1 + γqx)
2
2m0
∂2Ψ(x, t)
∂x2
−~
2γq(1 + γqx)
m0
∂Ψ(x, t)
∂x
−
~
2γ2q
8m0
Ψ(x, t) + V(x)Ψ(x, t). (9)
The Eq. (9) can be adequately rewritten by means of a field
Φq(x, t) related to Ψ(x, t) by (see, for instance, [30])
Ψ(x, t) =
4
√
m(x)
m0
Φq(x, t) =
Φq(x, t)√
1 + γqx
. (10)
Thus, one obtains a q-deformed Schro¨dinger equation [23, 24]:
i~
∂Φq(x, t)
∂t
= − ~
2
2m0
D2γqΦq(x, t) + V(x)Φq(x, t), (11)
whereDγq ≡ (1 + γqx)∂x is a deformed derivative and
Hˆ′ =
~
2
2m0
D2γq + V(xˆ). (12)
is a non-Hermitian operator.
Some remarks that deserve to be mentioned are the follow-
ing. First, one can see that the Eq.’s (9) and (11) represent sys-
tems having the same energy spectrum (isospectral systems).
That is, although operator Hˆ′ is non-Hermitian, it has real en-
ergy eigenvalues (see [31] for some details). Second, from
Eq. (10) the probability densities ρ(x, t) = |Ψ(x, t)|2 and the q-
deformed one ̺q(x, t) = |Φq(x, t)|2 satisfy,
ρ(x, t) =
̺q(x, t)
1 + γqx
, (13)
and
∫ x f
xi
ρ(x, t)dx =
∫ x f
xi
̺q(x, t)dqx = 1. That is, while the dis-
tribution probability is normalized by a standard integral, the
q-deformed one is normalized by a q-deformed one.
By last, we emphasize that there is an equivalence between
a Hermitian Hamiltonian system for position-dependent mass
and a deformed non-Hermitian one in terms of the q-derivative,
that results by replacing the field Ψ(x, t) by the deformed one
Φq(x, t). This may be understood as the effect of the position-
dependent mass (8) being imitated by a deformed derivative op-
erator in the Schro¨dinger equation (9).
2
3. Bohmian quantum theory for q-deformed Schro¨dinger
equation
We present a deformed Bohmian theory for a position-
dependentmass system, and we obtain the dynamics in the clas-
sical limit. Next, we explore a classical approach in the context
of the Hamilton-Jacobi theory.
3.1. q-Deformed Bohmian quantum theory
In order to obtain a de Broglie–Bohm theory for the system
with position-dependent mass, we use the field Φq(x, t). The
same results can be obtained from the field Ψ(x, t). Consider
the field of the q-deformed Schro¨dinger equation expressed as
a pilot wave, that is Φq(x, t) =
√
̺q(x, t)e
iS q(x,t)/~, where S q(x, t)
is a real phase that will be physically interpreted in the follow-
ing. The q-deformed Schro¨dinger equation (11) leads us to
[
1
2m0
(DγqS q)2 + V(x) −
~
2
2m0
1√
̺q
D2γq
√
̺q +
∂S q
∂t
]
+
1
2̺q
(
i
~
) [∂̺q
∂t
+Dγq
(
̺q
m0
DγqS q
)]
= 0, (14)
From the imaginary part of Eq. (14), we obtain a q-deformed
continuity equation
∂̺q(x, t)
∂t
+DγqJq(x, t) = 0, (15)
where the deformed current density Jq(x, t) is defined by
Jq(x, t) =
̺q(x, t)
m0
DγqS q(x, t)
= Re
[
Φ
∗
q(x, t)
(
~
i
Dγq
) (
Φq(x, t)
m0
)]
. (16)
Equivalently, from Eq. (13) one can obtain
∂ρ(x, t)
∂t
+
∂J(x, t)
∂x
= 0, (17)
with Jq(x, t) = J(x, t) expressed in terms of ρ(x, t) or Ψ(x, t) as
J(x, t) =
ρ(x, t)
m(x)
∂S q
∂x
= Re
{
Ψ
∗(x, t)
(
~
i
∂
∂x
) [
1
m(x)
Ψ(x, t)
]}
. (18)
As in the standard case, the spatial variation in the phase of the
wave function is related to the flow of probability: the more the
phase changes, the more intense is the probability flow.
From the real part of (14), we obtain the following q-
deformed Hamilton-Jacobi equation in the quantum formalism:
1
2m0
[DγqS q(x, t)]2 + V(x) + Qq(x, t) +
∂S q(x, t)
∂t
= 0, (19)
where, in terms of the mass function, we have
1
2m(x)
(
∂S q(x, t)
∂x
)2
+ V(x) + Qq(x, t) +
∂S q(x, t)
∂t
= 0, (20)
with Qq(x, t) a deformed de Broglie-Bohm quantum potential
given by
Qq(x, t) ≡ − ~
2
2m0
1
|Φq(x, t)|D
2
γq
|Φq(x, t)|
= − ~
2
2m0
1√
̺q
D2γq
√
̺q
=
~
2
2m0
14
(
1
̺q
Dγq̺q
)2
− 1
2̺q
D2γq̺q
 . (21)
From Eq. (13), the de Broglie-Bohm quantum potential in terms
of the density probability ρ(x, t) (21) is
Qq(x, t) = Q
(1)
q (x, t) + Q
(2)
q (x, t) + Q
(3)
q (x, t), (22)
with
Q(1)q (x, t) =
~
2
2m(x)
 14ρ2
(
∂ρ
∂x
)2
− 1
2ρ
∂2ρ
∂x2
 , (23a)
Q(2)q (x, t) = −
~
2
4ρ
∂ρ
∂x
d
dx
[
1
m(x)
]
, (23b)
Q(3)q (x, t) = −
~
2γ2q
8m0
, (23c)
in accordance to the Bohmian formulation proposed in [7]. The
contributions Q
(1)
q and Q
(2)
q depend on the probability density ρ,
whereas Q
(3)
q remains independent.
3.2. Classical dynamics for system with position-dependent
mass
Taking the classical limit ~ → 0 in (19), one obtains
1
2m0
[DγqS q(x, t)]2 + V(x) +
∂S q(x, t)
∂t
= 0, (24)
corresponding to a q-deformed Hamilton-Jacobi equation in
classical mechanics. Considering the separating of variables
method, where S q(x, t) = Wq(x)−Et, andWq(x) is a q-deformed
Hamilton’s characteristic function, we have
Wq(x) = ±
∫ x √
2m(x′)[E − V(x′)]dx′
= ±
∫ x √
2m0[E − V(x′)]dqx′, (25)
whose classical linear momentum is given by
p =
∂S q(x, t)
∂x
=
dWq(x)
dx
=
√
2m(x)[E − V(x)]. (26)
It follows that the deformed action S q(x, t) can be written as
S q(x, t) = ±
∫ x √
2m(x′)[E − V(x′)]dx′ − Et
= ±
∫ x √
2m0[E − V(x′)]dqx′ − Et. (27)
Then,
dS q(x, t)
dt
=
∂S q
∂x
x˙ +
∂S q
∂t
= px˙ − H = L, (28)
3
where we used (26) and H(x, ∂S/∂x)+∂S q/∂t = 0. It should be
noted that S q(x, t) coincides with the classical action. Thus, we
have S q =
∫
L(x, x˙)dt, with the Lagrangian function given by
L(x, x˙) =
1
2
m(x)x˙2 − V(x). (29)
Therefore, in the limit ~ → 0 the classical mechanics for
position-dependent mass system is recovered.
4. Fisher information for q-deformed Schro¨dinger equa-
tion
Considering the q-deformed Schro¨dinger equation, we apply
the principle of minimum action to a deformed FI, from which
we obtain the complete Bohm quntum potential. Kinetic en-
ergy operator for stationary states in the context of the Thomas-
Fermi-Dirac theory, along with Lagrangian and Hamiltonian
formulations are developed. Then, a deformed version of the
Crame´r-Rao bound is presented.
4.1. q-Deformed Fisher information and Bohm quantum poten-
tial
In a previous work [3], Reginatto derived the Bohmian quan-
tum theory for systems with constant mass by mean of the
principle of minimum Fisher information. Plastino et al. [7]
extended the result for systems with position-dependent mass
whose kinetic energy operator is Tˆ ′ = 1
2
pˆ 1
m(xˆ)
pˆ, which is differ-
ent from the one given by Eq. (7). The authors obtained directly
the quantum potential Q
(1)
q + Q
(2)
q from the Fisher functional
given by
I[ρ] =
∫ x f
xi
m0
m(x)
1
ρ(x, t)
[
∂ρ(x, t)
∂x
]2
dx, (30)
through the functional derivative
Q(1)q + Q
(2)
q =
~
2
8m0
δI
δρ
. (31)
From Eq. (30) it can seen that for the constant mass casem(x) =
m0 one recovers the standard FI denoted by IF[ρ].
Now, we propose the following deformed Fisher functional
Iq[̺q] ≡
∫ x f
xi
1
̺q(x, t)
[Dγq̺q(x, t)]2dqx, (32)
where the ordinary derivative and integral operators are re-
placed by the q-derivative and the q-integral respectively. From
the equivalence between the Schro¨dinger equation for position-
dependent mass and the q-deformed Schro¨dinger equation, one
can relate the corresponding Fisher functionals (the proposed
by Plastino and the deformed one). Using the Eq.’s (13) and
(32), we have that the q-deformed FI can be written as
Iq[̺q] =
∫ x f
xi
1
ρ(x, t)
{
∂
∂x
[
(1 + γqx)ρ(x, t)
]}2
dx
=
∫ x f
xi
γ2qρ(x, t)dx +
∫ x f
xi
2γq(1 + γqx)
∂ρ
∂x
dx
+
∫
(1 + γqx)
2
ρ(x, t)
(
∂ρ
∂x
)2
dx. (33)
Thus, using Eq. (30) and applying an integration by parts in the
second term, this leads to
Iq[̺q] = I[ρ] − γ2q. (34)
If we apply the functional derivative
δIq[̺q]
δ̺q
=
∂Iq
∂̺q
− Dγq
(
∂Iq
∂(DγqIq)
)
, (35)
where Iq(x, t) = ̺q(x, t)[Dγq ln ̺q(x, t)]2 is a q-deformed FI
density, we obtain the complete deformed de Broglie-Bohm
quantum potential expressed by the functional derivative [com-
pare with Eq. (31)]
Qq(x, t) =
~
2
8m0
δIq[̺q]
δ̺q
. (36)
From Eq.’s (22), (23c), (31), (34) and (36), we have
Iq[̺q] −
δIq[̺q]
δ̺q
= I[ρ] − δI[ρ]
δρ
, (37)
i.e., an invariant under transformation ̺q ↔ ρ.
4.2. Kinetic energy operator for stationary states
In terms of Ψ(x, t), the Fisher functional (30) can be written
as
I[ρ] = 4
∫ x f
xi
m0
m(x)
(
∂Ψ∗
∂x
) (
∂Ψ
∂x
)
dx
+
∫ x f
xi
m0
m(x)
|Ψ(x, t)|2
(
1
Ψ
∂Ψ
∂x
− 1
Ψ∗
∂Ψ∗
∂x
)2
. (38)
One has that pˆ = −i~∂x is the momentum operator in the rep-
resentation {|xˆ〉}, while from Ψ(x, t) = √ρ(x, t)eiS q(x,t)/~ and
Eq. (26), the classical linear momentum obeys the relation
p = ~
2i
(
1
Ψ
∂Ψ
∂x
− 1
Ψ∗
∂Ψ∗
∂x
)
. Therefore, it follows that the Fisher
functional (38) can be interpreted as a measure of nonclassical-
ity between the quantum kinetic term and the classic one given
by
I[ρ] =
4m0
~2
(〈
pˆ
1
m(xˆ)
pˆ
〉
−
〈
p2
m(x)
〉
classic
)
. (39)
It should be noted that (39) has been also studied for a constant
mass in [32].
For stationary states we have a constant current density J, so
using the Eq. (18) and integrating by parts, the classical contri-
bution to I[ρ] results〈
p2
m(x)
〉
classic
=
∫ x f
xi
ρ(x, t)
m(x)
(
∂S q
∂x
)2
dx
= −
∫ x f
xi
S q(x, t)
∂
∂x
[
ρ(x, t)
m(x)
(
∂S q
∂x
)]
dx
= 0. (40)
Accordingly, the FI for the stationary states ψn(x) is
I[ρn] = 4
∫ x f
xi
m0
m(x)
[
dψn(x)
dx
]2
dx =
8m0
~2
〈Tˆ ′〉. (41)
4
Considering the q-deformed FI, we have for the stationary
states
Iq[̺q,n] = 4
∫ x f
xi
[Dγqϕq,n(x)]2dqx =
8m0
~2
〈Tˆ 〉, (42)
in accordance to the vonWeizsa¨cker’s kinetic energy functional
operator [33] in Thomas-Fermi-Dirac theory.
Some researchers [34, 35, 36] have considered the informa-
tion theory for systems with position-dependentmass by means
using the standard FI
IF [ρ] = 4
∫ x f
xi
[
dψn(x)
dx
]2
dx =
〈pˆ2〉
(~/2)2
. (43)
Section 5 uses Eq. (43) for completeness.
4.3. q-Deformed Lagrangian and Hamiltonian formulations
from variational principle
Consider the Lagrangian formulation by defining the de-
formed Lagrangian density as
Lq(x, t) =

∂S q(x, t)
∂t
+
[DγqS q(x, t)]2
2m0
+ V(x)
 ̺q(x, t)
+
~
2
8m0
1
̺q(x, t)
[Dγq̺q(x, t)]2, (44)
and its corresponding action as
A =
∫ t f
ti
∫ x f
xi
Lq(x, t)dqxdt
=
∫ t f
ti
∫ x f
xi
∂S q
∂t
+
(DγqS q)2
2m0
+ V
 ̺qdqxdt
+
~
2
8m0
∫ t f
ti
Iq[̺q]dt, (45)
then it follows that by applying the variational principle δA =
0 we get the equations of motion (15) and (19) for the fields
S q(x, t) and ̺q(x, t) related to the Bohmian quantum formalism.
Alternatively, the equations of motion (17) and (20), associ-
ated to the Schro¨dinger equation for systems with position de-
pendent mass (9) emerge from the variational principle applied
to the standard Lagrangian density
L(x, t) =
∂S q(x, t)∂t +
1
2m(x)
(
∂S q(x, t)
∂x
)2
+ V(x)
 ρ(x, t)
+
~
2
8m(x)
1
ρ(x, t)
[
∂ρ(x, t)
∂x
]2
, (46)
whose corresponding action is
A =
∫ t f
ti
∫ x f
xi
L(x, t)dxdt
=
∫ t f
ti
∫ x f
xi
∂S q∂t +
1
2m(x)
(
∂S q
∂x
)2
+ V −
~
2γ2q
8m0
 ρdxdt
+
~
2
8m0
∫ t f
ti
I[ρ]dt. (47)
A Hamiltonian formulation also can be developed. For the
Hamiltonian (12) we have that the energy of the system is given
by the q-integral
E =
∫ x f
xi
Φ
∗
q(x, t)Hˆ
′Φq(x, t)dqx
=
∫ x f
xi
Φ
∗
q(x, t)
[
− ~
2
2m0
D2γq + V(x)
]
Φq(x, t)dqx. (48)
Applying an integration by parts, we obtain
E =
∫ x f
xi
{
~
2
2m0
|DγqΦq(x, t)|2 + V(x)|Φq(x, t)|2
}
dqx, (49)
and then, in terms of S q(x, t) and ̺q(x, t), we can write
E =
∫ x f
xi
Hqdqx
=
∫ x f
xi
 (DγqS q)
2
2m0
+ V(x)
 ̺qdqx + ~2
8m0
Iq[̺q], (50)
whereHq is a deformed Hamiltonian density.
From the Hamilton’s equations for the fields ̺q(x, t) and
S q(x, t), we recover the equations of motion:
∂̺q
∂t
=
δHq
δS q
=
∂Hq
∂S q
−Dγq
[
∂Hq
∂(DγqS q)
]
= −Dγq
(
1
m0
̺qDγqS q
)
, (51)
and
∂S q
∂t
= −δHq
δ̺q
= −∂Hq
∂̺q
+Dγq
[
∂Hq
∂(Dγq̺q)
]
= − (DγqS q)
2
2m0
− V − Qq. (52)
Similarly, there is an equivalent Hamiltonian formulation
corresponding to the Schro¨dinger equation for system position-
dependent mass. In this case, the energy of the system is given
by
E =
∫ x f
xi
Ψ
∗(x, t)HˆΨ(x, t)dx
=
∫ x f
xi
~
2
2m(x)
∣∣∣∣∣∂Ψ(x, t)∂x
∣∣∣∣∣
2
dx
+
∫ x f
xi
V(x) − ~
2γ2q
8m0
 |Ψ(x, t)|2dx, (53)
which in terms of ρ(x, t) and S q(x, t) can be recasted as
E =
∫ x f
xi
Hdx
=
∫ x f
xi
 12m(x)
(
∂S q
∂x
)2
+ V −
~
2γ2q
8m0
 ρdx + ~
2
8m0
I[ρ], (54)
whereH is the Hamiltonian density for the position-dependent
mass system.
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Again, from the Hamilton’s equations for the fields ρ(x, t)
and S q(x, t) we recover the equations of motion
∂ρ
∂t
=
δH
δS q
=
∂H
∂S q
− ∂
∂x
[
∂H
∂(∂xS q)
]
= − ∂
∂x
(
ρ(x, t)
m(x)
∂S q
∂x
)
, (55)
and
∂S q
∂t
= −δH
δρ
= −∂H
∂ρ
+
∂
∂x
[
∂H
∂(∂xρ)
]
= − 1
2m(x)
(
∂S q
∂x
)2
− V − Qq. (56)
4.4. q-Deformed Crame´r-Rao bound
The Crame´r-Rao bound states an uncertainty principle for
probability distributions in terms of the FI and the variance. If
ρ(x) is a probability distribution and (∆x)2 =
∫
ρ(x)(x−〈x〉)2dx
is the variance, then this is given by IF [ρ](∆x)
2 ≥ 1. It can
be shown that the family of distributions that minimize the
Crame´r-Rao bound are the Gaussian ones.
Following a way similar proposed by Furuichi [37], now we
develop a Crame´r-Rao bound associated with the proposed q-
deformed FI (32). Consider the expected value in terms of the
q-deformed density probability for stationary states 〈 f (xˆ)〉 =∫ x f
xi
f (x)̺q(x)dqx =
∫ x f
xi
f (x)ρ(x)dx. In particular, we have that
Iq[̺q] = 〈Ω2q〉, where Ωq = Dγq ln ̺q is a q-deformed score
function. Thus, one has
〈(x − 〈xˆ〉)Ωq(x)〉 =
∫ x f
xi
(x − 〈xˆ〉)̺q(x)Ωq(x)dqx
= −
∫ x f
xi
̺q(x)dx
= −(1 + γq〈xˆ〉)
Therefore, it follows that
0 ≤
〈[
Ωq(x) +
(x − 〈xˆ〉)
(∆x)2
]2〉
= Iq[̺q] +
2
(∆x)2
〈(x − 〈xˆ〉)Ωq(x)〉 + 〈(x − 〈xˆ〉)
2〉
(∆x)4
= Iq[̺q] −
2(1 + γq〈xˆ〉)
(∆x)2
+
1
(∆x)2
from which one obtains
Iq[̺q](∆x)
2 ≥ 1 + 2γq〈xˆ〉. (57)
that constitutes a q-deformed version of the Crame´r-Rao bound.
Note that since Iq[̺q] → IF [̺] when γq → 0, then the standard
one is recovered in the limit γq → 0.
5. Application: particle in an infinite square potential well
Consider a particle with position-dependent mass m(x) given
by Eq. (8) in an infinite one-dimensional square potential well
of width L. The eigenfunctions for this problem are given by
[26, 38]
ψn(x) =
Aq√
1 + γqx
sin
[
kq,n
γq
ln(1 + γqx)
]
, (58)
for 0 ≤ x ≤ L and ψn(x) = 0 otherwise, where A2q = 2/Lq,
kq,n = nπ/Lq (n is a non integer), and Lq = γ
−1
q ln(1 + γqL) is
the length of the box at the deformed space {|xˆq〉} obtained by
the transformation (6). The corresponding solutions using the
q-deformed Schro¨dinger equation are
ϕq,n(x) = Aq sin
[
kq,n
γq
ln(1 + γqx)
]
, (59)
for 0 ≤ x ≤ L and ϕq,n(x) = 0 otherwise. In this case, the
expected value of the kinetic energy operator coincides with
the energy of the eigenstates, given by
En = 〈Tˆ 〉 =
~
2π2γ2qn
2
2m0 ln
2(1 + γqL)
. (60)
The expected values for 〈xˆ〉, 〈xˆ2〉, 〈pˆ〉 and 〈pˆ2〉 are [26]
〈xˆ〉 = γqL − ln(1 + γqL)
γq ln(1 + γqL)
− L ln(1 + γqL)
ln2(1 + γqL) + (2πn)2
, (61a)
〈xˆ2〉 =
γ2qL
2 − 2γqL + 2 ln(1 + γqL)
2γ2q ln(1 + γqL)
+
[1 − (1 + γqL)2] ln(1 + γqL)
2γ2q[ln
2(1 + γqL) + n2π2]
+
2γqL ln(1 + γqL)
γ2q[ln
2(1 + γqL) + 4n2π2]
, (61b)
〈pˆ〉 = 0, (61c)
〈pˆ2〉 =
~
2k2q,n[(1 + γqL)
2 − 1]
2(1 + γqL)2 ln(1 + γqL)
1 + γ
2
q
4(k2q,n + γ
2
q)
 , (61d)
which satisfy the uncertainty principle ∆x∆p ≥ ~/2 [26].
Now, in order to analyze this result we use the FI. The q-
deformed FI for the stationary states (59) is
Iq[̺q] = 4A
2
qk
2
q,n
∫ L
0
cos2
[
kq,n
γq
ln(1 + γqx)
]
dx
1 + γqx
= 4k2q,n, (62)
in accordance with the Eq. (42) for the kinetic energy (60).
Note that Eq. (62) has the same form than the constant mass
case, used in [39]. From Eq.’s (34) and (62), the FI proposed
by Plastino et al. results I[ρ] = 4k2q,n + γ
2
q. We can also calcu-
late the standard FI disregarding the effect of mass locality on
functional. From Eq. (43) and (61d), we get
IF[ρ] =
2k2q,n[(1 + γqL)
2 − 1]
(1 + γqL)2 ln(1 + γqL)
1 + γ
2
q
4(γ2q + k
2
q,n)
 . (63)
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Figure 1 (a) shows the relation I(∆x)2 as function of γqL.
Note that I(∆x)2 < 1 as γqL approaches to −1. Figure 1 (b)
shows that the q-deformed Crame´r-Rao inequality (57) is sat-
isfied for different values γqL. Figure 1 (c) shows the standard
Crame´r-Rao inequality IF(∆x)
2. One can see that the Crame´r-
Rao inequality is only satisfied for their standard version and
the q-deformed one, thus showing the consistence of the q-
deformed structure. In all cases, the Crame´r-Rao inequality for
particle with constant mass is recovered in the limit γqL→ 0.
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Figure 1: Logarithms of (a) Iq(∆x)
2 , (b) q-deformed Crame´r-Rao inequality
(57) and (c) IF (∆x)
2 for the three lower excited states of a position-dependent
mass particle in an infinite square well as a function of γqL.
6. Conclusions
We have proposed an alternative way for obtaining the
Bohmian quantum formalism using the deformed Schro¨dinger
equation and the de Broglie wave pilot interpretation, in the
Figure 2: The standard treatment for position-dependent mass systems is equiv-
alent to the q-deformed one where the space is deformed instead of the mass,
that remains constant.
context of a q-algebra structure. Specifically, a deformed
derivative was used to represent a particle with a position-
dependent mass with the advantage of controlling the deforma-
tion by means of the parameter γq. Additionally, we have pro-
posed a deformed Fisher functional that that allows one to de-
rive a deformed Hamilton-Jacobi equation which emerges from
the Bohmian formalism for a system with a position-dependent
effective mass. The Lagrangian and Hamiltonian formulations
have been also established.
Then, we have formulated a deformed Crame´r-Rao bound
associated with the deformed Fisher functional proposed. We
have illustrated with a particle confined in a infinite square po-
tential well. We found that the deformed Crame´r-Rao bound is
satisfied by the stationary states, while the product of the FI for
position-dependent mass (previously defined in [7]) with the
variance of the position violates the inequality, i.e., it results
lower than one. This can be interpreted as an evidence that the
q-structure is preserved, at least in the example studied. By
the same way, another potentials could be analyzed, e.g., the
harmonic oscillator, Morse and Coulomb potentials, etc. Fur-
thermore, one can see that the scenario with position-dependent
mass can be treated, equivalently, by means of a q-deformed
one where the mass remains constant at the expense of deform-
ing the space. An scheme is shown in Fig. 2.
Finally, we mention that the deformed FI and the Crame´r-
Rao bound presented in this work are inspired in the q-
deformed Schro¨dinger equation proposed in [23]. Thus, they
are not exhaustive and further generalizations based on other
deformed derivatives could be formulated in future researches.
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